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Abstract 
In this paper, we have studied seven colorings of outerplanar g aphs. Two main conclusions 
have been proved: if G is an outerplanar graph without cut vertex and A(G)>/6, then 
(i) Xef(G) = A(G), and (ii) Zvef(G) = A(G) + 1, where gef and Xva are the edge-face chromatic 
number and the entire chromatic number of G, respectively, and A (G) is the maximum degree of 
vertices of G. 
1. Introduction 
Let G(V, E, F) be a planar graph, where V(G), E(G) and F(G) are the set of vertices, 
the set of edges and the set of faces of G, respectively. Two vertices in V(G) are adjacent 
if they are joined by an edge, two edges in E(G) are adjacent if they have a common 
vertex and two faces in F(G) are adjacent if their boundaries have at least one 
common edge. We say that a vertex (an edge) is incident o a face if it forms part of the 
boundary of the face. Also the vertices u and v are each incident o the edge uv. 
Definition 1.1. A planar graph G(V,E,F) is k-vertex (edge, face) colorable, if the 
elements of V(G) (E(G), F(G)) can be colored with k colors such that any two distinct 
adjacent elements receive different colors. The vertex (edge, face) chromatic number 
X(G) (z'(G), x*(G)) of G is defined as the minimum number k for which G is k-vertex 
(edge, face) colorable. 
Definition 1.2. A planar graph G(V, E, F) is k-total (coupled, edge-face, ntire) colora- 
ble, if the elements of V(G) ~ E(G) (V(G) u F(G), E(G) w F(G), V(G) w E(G) u F(G)) 
can be colored with k colors such that any two distinct adjacent or incident elements 
receive different colors. The total (coupled, edge-face, entire) chromatic number 
Xve(G) (Xvf(G), ~(et(G), Xver(G)) is defined as the minimum number k for which G is 
k-total (coupled, edge-face, entire) colorable. 
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The concepts on the vertex coloring, the edge coloring and the total coloring can be, 
of course, extended to nonplanar graphs. 
So far, there are many conjectures on the above seven colorings of planar graphs. 
For example 
Conjecture 1.1 (Bondy and Murty [2]). For any graph G, Z~,(G) ~< A(G) + 2. 
Conjecture 1.2 (Ringel [9]). For any planar graph G, Zvf(G) ~< 6. 
Conjecture 1.3 ([8]). For any planar graph G, Zef(G) ~< A(G) + 3. 
Conjecture 1.4 (Kronk and Mitchem [10]). For any planar graph G, Xvef(G)~< 
A (G) + 4. 
In I-3], Borodin has proved Conjecture 1.2, and in [1] Archdeacon has further 
verified that X~f(G) ~< 5 for each bipartite or Eulerian planar graph G. Moreover, it 
follows readily from the definition that ;~vf(G) = 4 iff G is both bipartite and Eulerian 
planar. For the above remaining conjectures, Borodin has also obtained many 
important and interesting results: 
(i) z~e(G)<~A(G)+2 for any planar graph G with A(G)~{6,7,8} and 
)~v~(G) = A(G) + 1 for A(G) >~ 14 [5]. 
(ii) Z~f(G) ~< A(G) + 1 for any planar graph G with A(G) >~ 10 [7]. 
(iii) Conjecture 1.4 is true for any planar graph G with A(G) ¢ {4, 5, 6} and 
Zv~f(G) ~< A(G) + 2 for A(G) >1 12 [6]. 
Moreover, it has been proved that Conjectures 1.1-1.4 are true for all the simple 
outerplanar graphs. 
Definition 1.3. If all the vertices of planar graph G are located in the boundary of the 
unbounded face, then this graph is called an outerplanar graph. The unbounded face, 
denoted byfo(G), is called outside face, and other faces inside faces; the edges on the 
boundary of outside face are said to be outside edges, and other edges inside edges. 
Let G be a simple outerplanar graph. Now we survey some known results: 
(1) 1 ~< z(G) <~ 3; 7.(G) = 1 iff G is a empty graph and x(G) = 2 iff G is a nonempty 
bipartite graph. 
(2) When A(G) v~ 2, z'(G) = A(G), when A(G) = 2, 2 ~< x'(G) <~ 3, and z'(G) = 3 iff 
G contains a component that is an odd cycle. 
(3) 1 ~< x*(G) ~< 3; x*(G) = 1 iff G is a forest and x*(G) = 2 iff each component of 
G - E' is either K1 or Eulerian graph, where E' is the set of the cut edges of G. 
(4) When 3(G) >I 3, Zv~(G) = A(G) + 1 [13]. When A(G) = 1, Zve(G) = 3. When 
A (G) = 2, 3 <~ Xve(G) ~< 4, and ;~v~(G) = 4 iff G contains a cycle C, with n ~ 0 (mod 3). 
(5) 2 ~< Xvf(G) ~< 5; X~e(G) = 2 iff G is a empty graph, Z,f(G) = 3 iff G is a nonempty 
forest and Z~f(G) = 4 iff G satisfies the following property Q [11]: 
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Let G be a 2-connected Eulerian outerplanar graph, and let fbe an odd inside face 
of G (namely, the boundary, denoted by b(f), of f contains odd edges of G). Suppose 
w ~ b(f)  and set 
N~(w) = {ux,u2 . . . . .  u,,}, n >~ 2, 
which is the set of all the vertices adjacent o w in clockwise order about w such that 
wul and wu, are two outside edges of G. We give a subdivision of NG(w) defined by 
N~(w) = X:(w) w r:(w) 
where 
Xs(w) = {ul ,u2  . . . . .  us},  YAw) = . . . . .  u .} ,  1 s n - 1, 
and wu~, wu~+ 1e b(f), X:(w) c~ Y:(w) = 0. Since ING(w)I = d~(w) and G is an Eulerian 
graph, it follows that both I X:(w)l and l Y:(w)h must have the same parity. If these two 
numbers are simultaneously odd (even), then say that NG(w) has an odd (even) 
subdivision on fand  fo(G). If, for any vertex u on the boundary of any odd inside face 
fo f  G, Na(u) always has an even subdivision on fand  fo(G), then G is said to satisfy 
the property Q. 
The main purpose of the present paper is to investigate the edge - -  face chromatic 
number Xef and the entire chromatic number Zv,f of outerplanar graphs. 
In the following argument, we shall restrict ourselves to the simple outerplanar 
graphs. Let f2k (k t> 2) denote the set of 2-connected simple outerplanar graphs with 
the maximum degree k. Set 
Vii(G)= {ue V(G)lda(u)=i}, i=O, 1 . . . . .  A(G); 
V~(G) = {u ~ Vz(G)lu belongs to the boundary of some triangular face of G}; 
V°(G) = V2(G)\ V~(G). 
Let p(G) and 6(G) respectively denote the number of vertices and the minimum degree 
of a graph G. Let G[S] denote the induced subgraph of G on S ~ V(G). A face 
f ~ F(G) whose boundary contains the vertices u~, u2 .. . . .  u, in some order is written as 
u~uz ... u,. A k-edge-face (k-entire) coloring of G is, in short, written as k-EF (k-VEF) 
coloring. Let a(y) denote the color assigned to the element y ~ E(G)u  F(G) (or 
V(G) u E(G) ~ F(G)) in a given coloring ~, and let E,(u) denote the set of colors used 
on the edges incident o the vertex u under ~r and A,(u) the set of colors used on the 
vertex u and the edges incident o u under a. The other statements and notations can 
be seen in [-2]. 
2. The edge-face chromatic number of outerplanar graphs 
Lemma 2.1. Let G, G1 and G2 be planar graphs. I f  
V(G1) c~ V(G2) = O, then 
Xef(G) = max {Zef(G0,)~ef(G2)}. 
G = G1u G2, such that 
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Lemma 2.2. Let e = uv be a cut edge of a planar graph G and let u be a cut vertex of  G. 
I f  G - e = HI w Hz with u ~ V(HO and v ~ V(H2), then 
Zef(G) < max {Zef(H1), Zef(G[ V(H2) w {u}]), do(u) + 1}. 
Lemmas 2.1 and 2.2 are easily proved and therefore the detail of proof is omitted. 
Lemma 2.3 (Z. Zhang, J. Zhang and Wang [13]). I fG  e Ok (k >>, 2), then [ VE(G)[ ~> 2. 
Lemma 2.4. I f  G is a 2-edge-connected outerplanar graph, then [ V2(G)[ ~> 1. 
Proof. Let G be a 2-edge-connected outerplanar graph. When G contains no cut 
vertex, it follows from Lemma 2.3 immediately that I V2(G)I/> 2. Now suppose that 
G contains cut vertices. Choose a block H of G such that V(H) contains exactly one 
cut vertex u of G. It is easily seen that such a subgraph H of G certainly exists in view of 
the outerplanarity of G. Since H e Ok (k ~> 2), it follows from Lemma 2.3 that 
I V2(H)[ >/2. Therefore there must exist a vertex v ~ V2(H)\{u }such that v ~ V(G), and 
do(v) = dn(v) = 2. This implies v ~ V2(G), so I V2(G)I >t 1. [] 
Lemma 2.5. Let G be a 2-edge-connected outerplanar graph, then 
(1) There exist two vertices u, v ~ V2(G) such that uv ~ E(G); or 
(2) There exist three vertices u ~ V~(G), vl e Vi(G) and v2 E Vj(G), where i >>. 3,j ~ 3, 
such that uvlv2 E F(G). 
Proof. We use the induction on p, the number of vertices of G. When p = 3, G = K3, 
the lemma holds trivially. Assume now that the lemma holds for each 2-edge-connec- 
ted outerplanar graph H with less than p vertices and let G be a 2-edge-connected 
outerplanar graph with p ( ~> 4) vertices. Let us prove that if (1) does not hold for G, 
then (2) must be true for G. By Lemma 2.4, we can choose a vertex w e V2(G) such that 
No(w) = {x, y}, and do(x)/> 3, and do(y) >~ 3. 
If xy ~ E(G), then (2) already holds for G: 
If xy ¢ E(G), consider the graph 
H=G-w+xy.  
Clearly IV(H)I = p - 1, and H is also a 2-edge-connected outerplanar graph. Accord- 
ing to the inductive assumption, (1) or (2) holds for H. In fact, (1) cannot be true for H, 
since, otherwise, it follows easily that (1) holds for G too, which is a contradiction. 
Therefore (2) must be true for H, in other words, there exist three vertices u E VI (H), 
xl e Vk(H), and Yl ~ Vj(H), where k, j  ~> 3, such that uxly  1 E F(H). By the structure of 
H, we immediately deduce that u, xl,y~ ~ V(G), ux~y~ e F(G), and 
do(u) = d~(u) = 2, do(x1) = dn(xl)  >7 3, do(y1) = du(yl)  >>- 3. 
This means that (2) holds for G. The proof is completed. [] 
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Lemma 2.6. Let Fp denote the join graph Pp_ iv  K1, where Pp_ 1 is a path of length 
p - 2 and K1 is a complete graph on one vertex, then X~f(F4) = 4, Zcf(Fp) = 5, p = 3, 5, 6, 
and Zcf(Fp) = p - 1 for p >~ 6. 
Lemma 2.6 is easily proved by induction on the number p of vertices of Fp and hence 
the detail of proof is omitted. 
Lemma 2.7 (Borodin [4]). Let G be a planar graph with A(G) ~ 3, then Z~f(G) ~ 6. 
Theorem 2.1. I f  G is an outerplanar graph with A(G) = 4, then ~(ef(G) ~< 6. 
By virtue of Lemmas 2.4-2.7, we can prove Theorem 2.1 using an argument similar 
to that of the following Theorem 2.2. 
Theorem 2.2. I f  G is an outerplanar graph with A(G) >~ 5, then A(G)~< Zef(G) 
~(G) + 1 
Proof. The bound 
Zef(G)/> A(G) 
is trivial. Now let us prove the bound Zef(G)~ A(G)+ 1. First we study the case 
A(G) = 5. By Lemmas 2.1 and 2.2, it suffices to consider G to be a 2-edge-connected 
outerplanar graph. We proceed by induction on the number p of vertices of G. When 
p = 6, G = F6, and it follows from Lemma 2.6 that Zef(G) = Zef(F6) = 5. Assume the 
theorem is true for each 2-edge-connected outerplanar graph H with fewer than 
p vertices and d (H) = 5, and let G be a 2-edge-connected outerplanar graph with 
A(G) = 5 and J V(G)J = p, where p >~ 7. By Lemma 2.5, we have two possibilities: 
Case 1: There exist two vertices u,v ~ VE(G) such that uv e E(G). Suppose that 
w ~ N6(u)\{v} and x e NG(v)\{u}, two subcases will be considered: 
Subcase 1.l: If w ~ x, consider the graph 
H=G-u+wv.  
Let f denote the inside face of G separated by the edge uv, and f ~fo(G). Clearly, 
J V(H)I = p - 1, A (H) = A(G) = 5, and H is a 2-edge-connected outerplanar graph. It 
follows from the inductive assumption that H has a 6-EF coloring 2 with the set C of 
6 colors. On the basis of 2, we can form a 6-EF coloring (r of G as follows: 
a(uw) = 2(wv), a(uv) • C\  {2(vx), a(uw), 2(f), i(fo(H))}, a(fo(G)) = 2(fo(H)). 
The other uncolored elements in E(G) u F(G) are colored with the same colors as in 
2 of H. Obviously, a is a 6-EF coloring of G. Then therefore ;tel(G) ~< 6. 
Subcase 1.2: If x = w, consider the graph 
H=G-u-v .  
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Notice that I V(H)I = p - 2, 3 ~< A(H) <~ A(G) = 5, and H also is a 2-edge-connected 
outerplanar graph. By the inductive assumption, Lemma 2.7 or Theorem 2.1, H has 
a 6-EF coloring 2. We can easily construct a 6-EF coloring a of G based on 3. of H. The 
details of the proof is omitted. Hence xa(G) ~< 6. 
Case 2: There exist three vertices u e V~(G), vl • VI(G) and V 2 e Vi(G ), where i,j >>. 3, 
such that uvlv2 e F(G). In this case, consider the graph 
H=G-u .  
Let f denote the inside face of H such that the edge vl u2 is on the boundary of f, and 
f # fo(H). Since [ V(H)I = p - 1, 4 <~ A(H) <~ A(G) = 5, and H is a 2-edge-connected 
outerplanar graph, it follows from the inductive assumption or Theorem 2.1 that 
H has a 6-EF coloring 2 with the set C of 6 colors. A 6-EF coloring a of G is easily 
obtained from the coloring 2 of H: 
Subcase 2.1: If 2(fo(H)) ~ Ea(vl) w Ea(v2) , then let 
a(uva) = 2(rivE), tr(vlv2) = tr(fo(G))= 2(fo(H)), 
a(uv2) • C\(Ea(v2) u {tr(fo(G))}), 
a(uv l v2) • C\  { tr(uvl ), trtuv2), a( fo( G) ), 2(f)}. 
Subcase 2.2: If 2(fo(H)) • Ea(vl) (the case 2(fo(H)) e Ea(v2) can be disposed of in 
similar manner), then let 
tT(uv2) • C\(Ea(o2) w {2(fo(H)))), a(uvx) e C\(Ex(vl) w {a(uv2)}), 
tr(fo(G)) = 2(fo(H)), a(uvlvz) • C\  {a(uvl),a(uv2), 2(vlv2), 2(f) ,a(fo(G))}.  
For the above subcases 2.1 and 2.2, let the remaining uncolored elements of 
E(G) w F(G) receive the same colors as in 2 of H. It is easily seen that a is a 6-EF 
coloring of G, and thus za(G) ~< 6. 
Similarly we can also prove Theorem 2.2 for A (G) >/6. This completes the proof of 
Theorem 2.2. [] 
Lemma 2.8. I f  G • Ok (k >i 5), then at least one of the following conclusions is true: 
(1) there exist two vertices ubu2 e V°(G) such that ulu2 • E(G); 
(2) there exist three vertices u • V~(G), vt • V3(G) and V 2 • Vi(G), where i >i 3, such 
that uvlv2 • F(G); 
(3) there exist three vertices u • V~(G), and Vl, v2 • V4(G) such that uvlv2 • F(G); 
(4) there exists a vertex x•V4(G) ,  and No(x)={u l ,u2 ,v l ,v2}  such that 
Ul,U2 • V2(G), Vl • VI(G), v2 • Vi(G), where i,j >>. 5, and UlVl,U2V2,VlV 2 • E(G). 
Proof. (by contradiction). If possible, let G e Ok (k/> 5) be a counterexample for 
Lemma 2.8. It, first, follows from Lemma 2.3 that V2(G) # 0. Then for any vertex 
u•  V2(G), without the loss of generality, we suppose that N~(u)= {x,y} and 
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dG(x) <~ dG(y). By virtue of the contradiction hypothesis, one of the following cases 
must be true: 
(i) xy ¢ E(G), dG(x) >1 3; 
(ii) xy ~ E(G), da(x) >~ 5; 
(iii) xy ~ E(G), da(x) = 4, da(y) >~ 5 and V~(G) ~ (Nc(x)\{u}) = 0; 
(iv) xyeE(G),  d~(x)=4, dG(y)>~ 5, and there exists a vertex veV~(G) c~ 
(Na(x)\{u}) such that xz, vz, xv E E(G), and yz q~ E(G), where z ~ Na(v)\{x} with 
d6(z) >>- 5. 
Let H be the graph formed by removing all the vertices of Vz(G) and adding, at the 
same time, some new edges to G in the following manner: 
If (i) holds, then add the edge xy to G after removing the vertex u. 
If either (ii) or (iii) holds, then only remove the vertex u. 
If (iv) holds, then add the edge yz to G after removing three vertices u, v and x. 
Since G e ~2k (k >/5), G contains no cut vertex and A(G) >/5. It easily follows that 
each vertex of G is adjacent to at most two vertices in Vz(G), and for any two distinct 
vertices of Vz(G), their neighbor sets in G are different. For any vertex w e V(H), 
clearly w ~ V(G), since V(H) c V(G), let us observe the degree of w in H. Noticing that 
[N~(w) ~ V2(G)] ~< 2, we shall consider these cases: 
Case 1: If N~(w) c~ Vz(G) = 0, then dn(w) = de(w) >>. 3. 
Case 2: If NG(w) c~ Vz(G) = {wl}, then when wl $ V~(G), dn(w) = d~(w) >t 3; when 
wl ~ V~(G), d~(w) = dG(w) -- 1 >>. 4 -  1 = 3. 
Case 3: If Na(w) n V2(G) = {wl,w2), and wl ~ wz, we furthermore have two 
subcases: 
Subcase 3.1: If dG(w) >1 5, then dn(w) >>- da(w) - 2 >~ 3; 
Subcase 3.2: If dG(w)= 4, then when wl,w2¢ V~(G), dn(w)= dG(w)= 4; when 
wl ~ V~(G), w26 V~(G), or w1¢ V~(G), w2~ V~(G), it always follows dn(w)= 
dG(w) - 1 = 3; Finally it is well worth noticing that the case in which Wl,W 2 ~ I/I(G) 
cannot be true, since, otherwise it follows that w$ V(H), which contradicts the 
assumption that w ~ V(H). 
Now we have proved dn(w) ~> 3, and therefore 6(H)/> 3. On the other hand, it is 
easily seen that H also is a simple outerplanar graph without cut vertex and d (H) >t 3. 
Again, by Lemma 2.3, I/2(H)4: 0, thus 3(H)~< 2. This contradiction establishes 
Lemma 2.8. [] 
Theorem 2.3. If G ~ Ok (k >1 6), then Zef(G) = k. 
Proof. For any G ~ Qk (k >~ 6), the bound 
Zef(G) >/z'(G) ~> A(G) = k 
is trivial. Now let us prove the bound Zer(G) ~ k. At first consider the case for k = 6. 
We use the induction on iv, the number of vertices of G, to show that Z,f(G) ~ 6. When 
p = 7, and G E f~6, we have G = FT, it follows from Lemma 2.6 that ZeF(G)= 6. 
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Assume that the theorem holds for each H ~ 06 with less than p vertices, and let 
G ~ 126 with p (/> 8) vertices. By Lemma 2.8, we have four possibilities. 
Case 1: There are two vertices u,v ~ V°(G) such that uv ~ E(G). In this case, the 
proof is similar to that of subcase 1.1 for Theorem 2.2, we thus have xa(G) ~< 6. 
Case 2: There exist three vertices u ~ V~(G), vl ~ V3(G) and vz e Vi(G), where j >1 3, 
such that uvlv2 ~ F(G). Suppose that f i s  the inside face of G with vlv2 e b(f), and 
f#  uvlvz. Consider the subgraph H of G defined by 
H=G-u .  
Then I V(H)[ = p - 1, and 5 ~< A (H) ~< 6, it follows that H ~ f2s w s'26. According to 
the inductive assumption (when H e f26) or Theorem 2.2 (when H e f25), H has a 6-EF 
coloring 2 with the set C of 6 colors. On the basis of 2 of H, we can describe a 6-EF 
coloring a of G. 
Subcase 2.1: If 2(f0(H)) ~ E~(vz), then let 
a(uv2) e C\Ea(vz), a(uvl) e C\(Ea(vl) w {2(fo(H)), a(uv2)}), 
a(fo(G)) = 2(fo(H)), 
O'(UVlV2) e C\{o'(UVl)  , o(uv2) , a(fo(G)), 2(v,vz), 2(f)}. 
Subcase 2.2: If 2(fo(H)) ¢ Ea(v2), then let 
a(uv2) = 2(vlv2), a(vlv2) = a(fo(G)) = 2(fo(H)), 
a(uv,) e C\(Ea(v,) w {a(fo(G))}), 
a(uvlvz) e C\ {a(uvl), a(uvz), a(fo(G)), 2(f)}. 
In Subcases 2.1 and 2.2, the other uncolored elements of E(G) w F(G) are colored with 
the same colors as in 2 of H. It is clear that a is a 6-EF coloring of G. Thus Z¢f(G) ~< 6. 
Case 3: There exist three vertices u eV~(G), vl,v2 e V4(G), such that uvlv2 e 
F(G). Let f be the inside face of G defined as in Case 2. Similarly, we consider the 
subgraph 
H=G-u .  
Since f V(H)[ = p - 1, and A(H) = A(G) = 6, it follows that H e ~¢~6. Therefore, by the 
inductive assumption, H has a 6-EF coloring 2 with the set C of 6 colors. Further- 
more, a 6-EF coloring a of G can be easily formed from 2. Let 
a(uv,) e C\(Ea(v,) w {2(/o(H))}), a(fo(G)) = 2(fo(H)), 
a(uvz) e C\(Ea(vz) w {2(fo(H)), O'(UU1)}), 
a(uvlv2) e C\ {a(uv,), a(uv2), a(fo(O) ,2(f), 2(vlvz) }. 
The other uncolored elements in E(G) w F(G) are colored with the same colors as in 
2 of H. Evidently, a is a 6-EF coloring of G and hence za(G) <~ 6. 
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Case 4: There exists a vertex xeV4(G), NG(X)=-{Ul,Uz, OI,V2 }, such that 
Ul,U2 • V2(G), vl • VffG), v2 • Vj(G), where i,j >~ 5, and UlVl, U2Vz,VlV2 ~ E(G). 
Let f be the inside face of G with vlv2 ~ b(f), but f~  xvlv2. Consider the sub- 
graph 
H=G-x-u l -uz .  
Clearly, I V(H)I = p - 3, and 4 <~ A(H) ~< 6, it follows that H • f~4 u Os w O6. By 
virtue of the inductive assumption, Theorem 2.1 or Theorem 2.2, H has a 6-EF 
coloring 2 with the set C of 6 colors. In order to obtain a 6-EF coloring a of G based 
on the coloring 2 of H, we shall consider two cases depending on the color used on 
fo(H) in 2. 
Subcase 4.1: I f  Z(fo(H))~ Ea(vl) (for 2(fo(H))• E~(v2), we shall have a similar 
argument), then let 
a(u2v2) ~ C\(Ea(v2) u {Z(fo(H))} ), a(fo(G)) = 2(fo(H)), 
~(xv2) • C\(E~(v2) u {~(u2v~)}), ~(xv,) • c \ (G(v , )  ~ {~(xv2)}), 
~(UlV~) e C\(E~(v~) w {a(xv~)}), 
a(xu2) ~ C\ {a(xv2), a(xvl), 2(fo(H)), a(UzV2) }, 
a(xul) ~ C\ {a(xv2), a(XVl),2(fo(H)), a(ulvl), a(xu2) }, 
a(xv,v2) • C\ {a(xvz), a(xvl), 2(f), ~(UlV2)}, 
a(XUkVk) • C\{~r(XVk), 2(fo(H)), a(UkVk), a(XUk), a(XVlV2)}, k = 1, 2. 
Subcase 4.2: If 2(fo(H)) ¢ E~(vl) w Ea(v2), then let 
a(vlv2) = o'(fo(G)) = 2(fo(H)), a(ulva) = a(xv2) = 2(vlv2), 
a(xv,) • C\(Ez(v,) ~ {a(fo(G))}), a(uzv2) • C\(E~(vz) ~ {a(fo(G))}), 
a(xul) e C\ {a(xv,), 2(V,Vz),a(fo(G)) },
a(xu2) ~ C\ {a(xvl), a(xul), 2(vlv2), a(uzv2), a(fo(6)) }, 
a(xv,v2) • C\ {a(xv,), Z(vav2), o'(fo(G)), 2(f)}, 
a(XUkVk) • C\ { a(xuk), a(UkVk), O(XVk), a(XVl V2), a ( f  o( G) ) }, k = 1, 2. 
In Subcases 4.1 and 4.2, the other uncolored elements of E(G) w F(G) are colored with 
the same colors as in 2 of H. It is not difficult to see that a is a 6-EF coloring of G, and 
thus Zer(G) ~< 6. 
Hence, by the principle of induction, we have proved Z,f(G) = 6 for each G • Q6. 
Similar argument can be used to prove Theorem 2.3. This completes the proof of 
Theorem 2.3. [] 
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3. The entire chromatic number of outerplanar graphs 
We now turn our attention to the entire coloring of outerplanar graphs. To prove 
the main theorem in this section, we first introduce two useful lemmas. 
Lemma 3.1 (Wang and Zhang [12]). For p I> 6, Z,¢f(Fp) = p. 
Lemma 3.2. (Wang and Zhang [12]). I f  G is an outerplanar 9raph, then 
5~<~(vet (G)~7forA(G)=3,4andA(G)+ I~<X~,f(G)~<A(G)+2 ford(G)>15. 
Theorem 3.1. I f  G • Ok (k >1 6), then Xvef(G) = k + 1. 
Proof. The bound 
Zvef(G)/> Zve(G) ~> A(G) + 1 = k + 1 
is obvious. Now let us prove the bound Zvee(G) ~< k + 1 for any G e Ok (k/> 6). Firstly 
consider the case for k = 6. We make use of induction on p, the number of vertices of 
G. When G • 06 with p = 7, we see easily that G = F7. It follows from Lemma 3.1 that 
Zvef(G) = 7. Assume that the theorem is true for each H • 06 with less than p vertices, 
and now let G • 06 with p (/> 8) vertices. To prove that Xvef(G) ~< 7, we have four cases 
by Lemma 2.8. 
Case 1: There are two vertices u, v • V°(G) such that uv • E(G). Let w • NG(u)\ {v}, 
x • NG(v)\{u}, and denote by f the inside face of G with uv • b(f), but f~fo(G).  
Consider the graph 
H=G-u+wv.  
Since I V(H)I = p -  1, A(H)= A(G) = 6, we have H • 06. It follows from the induc- 
tive assumption that H has a 7-VEF coloring 2 with the set C of 7 colors. We can form 
a 7-VEF coloring a of G from 2 of H as follows: 
a(uw) = 2(vw), a(uv) • C\{2(vx),2(v), a(uw), 2(f), 2(fo(n))}, 
a(fo(G)) = 2(fo(H)), 
a( f )  = 2(f), a(u) • C\  {tr(uw), tr(uv), a(fo(G)), 2(w), tr(f), 2(v)}. 
The other uncolored elements of V(G)w E(G)u F(G) are colored with the same 
colors as in 2 of H. It is clear that a is a 7-VEF coloring of G, therefore Xvef(G) ~< 7. 
Case 2: There exist three vertices u • V~(G), vl • Va(G), and v2 • Vj(G), where j >t 3, 
such that uvlvz • F(G). Suppose that f is the inside face of G satisfying vlv2 • b(f )  
andf¢  uvlv2. Consider the subgraph H of G defined by 
H=G-u .  
Obviously, [ V(H)I = p - 1, 5 <. A(H) ~< 6, then H • f25 w f~a. According to the induc- 
tive assumption (when H • f26) or Lemma 3.2 (when H • 05), H has a 7-VEF coloring 
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2 with the set C of 7 colors. We again use the coloring 2 of H to establish a 7-VEF 
coloring a of G by considering three subcases. 
Subcase 2.1: If 2(fo(H))¢ A~(v2), then let 
a(uv2) = ).(vlvz), a(vlv2) = a(fo(G)) = 2(fo(H)), a(uvl) = 2(f), 
a(uvlv2) e C\{2(vl), ).(v2), a(fo(G)), a(UVz), ).(f)}, 
a(u) e C\ {a(uvl), a(uvz), 2(v,), 2(vz), a(fo(G)), O'(UU1U2)}. 
Subcase 2.2: If 2(fo(H)), 2( f )  • A~(v2), then let 
a(uvl) = ).(f), a(uv2) • C\Aa(vz), a(u) = 2(vlv2), a(fo(G)) = 2(fo(H)), 
a(uvlv2) • C\{2(v,), 2(v2), 2(v,v2), a(uv2), a(fo(G)), 2(f)}. 
Subcase 2.3: If 2(fo(H)) • A~(v2), 2(f)  ¢ Aa(vz), then let 
a(uv2) = 2(f), a(u) = 2(vlv2), a(uv,) • C\(A~(vO w {2(f), 2(fo(H))}), 
a(fo(G)) = 2(fo(H)), 
a(uvlv2) • C\{2(vl),2(v2),A(vlvz), a(uv,), a(fo(G)), 2(f)}. 
In subcases 2.1-2.3, the other uncolored elements of V(G) w E(G) w F(G) are colored 
with the same Colors as in 2 of H. It is clear that a is a 7-VEF coloring of G, therefore 
Z~ef(G) ~ 7. 
Case 3: There exist three vertices u • V~(G), va,v2 • V4(G) such that uvlvz • F(G). 
Let fdenote  the inside face of G with vlvz • b(f), but f#  uvlvz. Again consider the 
graph 
H=G-u .  
which satisfies that L V(H)I = p -  1 and A(G)= A(H)= 6, it follows readily that 
H • f2 6. According to the inductive assumption, H has a 7-VEF coloring 2 with the set 
C of 7 colors. We can form a 7-VEF coloring a of G based on the coloring 2 of H. 
Subcase 3.1: If 2(fo(H)) • A~(vl) (for the case 2(fo(H)) e Az(vz), the proof can be 
similarly completed), then let 
a(uvz) • C\(A~(vz) w {2(fo(H))}), a(fo(G)) = 2(fo(H)), 
a(uvlv2) • C\{2(vl), ).(v2), a(fo(G)), a(uv2), 2(f), ).(vlv2)}, 
a(uvl) • C\(A ~(vO u {~r(uv2), ~(uv:2)  } ), 
a(u) • C\ {a(uv,), a(uv2), 2(vl), ).(v2), a(fo(G) ), a(uvlv2) }, 
Subcase 3.2: If 2(fo(H)) ¢ Aa(vl) w Aa(vz), then let 
a(uv2) = 2(vlvz), a(vx vz) = a(fo(G)) = 2(fo(H)), 
O'(UVlO2) • C\{2(Vl) ,/],(v2) , 2(f), a(fo(G)), a(uv2)}, 
a(uvl) • C\IA~Iv~) u {~(uv:2), ~(v:~)}), 
a(u) • C\ {a(uvl), a(uv2), ).(vl), 2(v2), a(fo(G) ), O'(UVlU2) }, 
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For subcases 3.1 and 3.2, the other uncolored elements of V(G) u E(G) u F(G) are 
assigned to the same colors as in 2 of H. It is easy to see that a is a 7-VEF coloring of 
G. Consequently, Xvef(G) ~< 7. 
Case 4: There is a vertex x•  V4(G) with Na(x)={Ul,U2, Vx,V2}, such that 
ul,u2 • V2(G), Vl • V/(G), v2 ~ Vi(G), where i,j ~ 5, and uxvl, u2v2,vlv2 • E(G). Let 
fbe  the inside face of G with vlv2 • b(f ) ,  but f q: xv~v2. Set 
H=G-X-U l -U2 .  
Notice that I V(H)[ = P - 3, and 4 ~< A(H) ~< 6, we have H • Oa w 05 u 06. Accord- 
ing to the inductive assumption or Lemma 3.2, H has a 7-VEF coloring 2 with the set 
C of 7 colors. Now we can obtain a 7-VEF coloring a of G from the coloring 2 of H. To 
do this we shall consider a number of subcases: 
Subcase 4.1: If 2(fo(H)) • A~(vl) n Aa(v2), then let 
a(UlV~) • C\&(v,) ,  a(xv~) • C\(&(v~) u {i(u~v0}), 
i(xv2) • C\(&(v2) u {a(xv~)}), 
a(u~v~) • C\(&(v~) ~ {a(xv~)}), 
o(x) • C\{).(vl), a(xv~), a(xv O, 2(fo(H)), 2(v2)}, 
a(xu,) • C\{2(fo(H)), i(UlVl), ff(XV2), 0"(X), i(XVl)}, 
a(xu2) • C\ {2(fo(H)), a(u2vz), i(XUl), 0"(XV2), i(X), 6(XVl)}, 
a(fo(G)) = a(xvlvz) = 2(fo(H)), a(vk) = 2(vk), k = 1,2, 
a(XUkVk) • C\{i(Vk), a(x), a(xvk), a(xuk), a(UkVk), a(fo( G) ) }, k = 1,2, 
a(uk) • C\  {a(vk), a(x), a(xuk), a(ukvk), a(fo(G)), a(XUkVk) }, k = 1,2. 
Subcase 4.2: If 2(fo(ft)) ¢ A~(v~) w Ax(v2), then let 
a(u,vl) = a(xv2) = 2(v,v2), a(vav2) = a(fo(G))= 2(fo(H)), 
a(xvl) • C\(Az(v,) w {a(fo(G))}), 
i(U2V2) • C\(A~(v2) v {a(fo(G))}), 
a(xv,vz) • C\{2(v,),  2(vz), 2( f ) ,  a(xvl), a(xv2), a(vlvz) }, 
a(x) • C\{2(vx), i(xv2), a(xv,), 2(vz), i(xvlvz), a(fo(G)) }, 
a(xul) = 2(vx), a(xulvl) • C\{2(vl), a(x), a(xvx), a(xvlv2), i(ulvx), i(fo(G))}. 
Ifa(xvl) ¢ 2(v2), then i(xu2) = 2(vz). I f i (xvl)  = 2(v2), then when a(xvlv2) = i(uzv2), 
let 
a(xuz) • C\ {a(xul), a(xvD, i(xv2), a(x), a(fo(G)), a(uzvz) }, 
when a(xvlvz) ¢ a(u2vz), let a(xu2) = a(xvlvz), and 
i(XU2V2) • C \  {,~.(v2) , if(x), i(xv2) , i(XVlV2) , 0~, a(fo(a))}, 
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where a e {a(xu2), a(u2v2)}, 
a(Uk) ~ C\ { 2(Vk), a(X), a(XUk), a(UkVk), a(fo(G) ), a(XUkVk) }, k = 1,2. 
Subcase 4.3: If 2(fo(H))~ Az(vl), ;t(fo(H))¢ Ax(v2) (the case 2(fo(H))¢ Aa(Vl), 
2(fo(H)) ~ Aa(v2) can be dealt with in a similar manner), then let 
a(xv2) = a(fo(G)) = 2(fo(H)), a(xvl) ~ C\(A2(u1) U {A(V2)}) ,
a(ulv,) e C\(Az(v,) w {a(xvt)}), a(u2v2) e C\(Aa(v2) w {a(fo(G))}), 
O'(XVl/)2) e C\{A(Vl) , A(t)2) , it(f), a(XV~), a(XV2), 2(v,v2~}, 
a(XUk) = a(Vk) = 2(Vk), k = 1,2, 
a(XUkVk) ~ C\{a(vk), a(x), a(XVk), a(xvlv2), a(UkVk), a(fo(G))}, k = 1,2, 
a(Uk) E C\  {a(Vk), a(X), a(XUk), a(UkVk), a(fo(O)), a(XUkVR) }, k = 1,2. 
For subcases 4.1-4.3, the other uncolored elements of V(G)w E(G)w F(G) are 
colored with the same colors as in 2 of H. Clearly a is a 7-VEF coloring of G, therefore 
Zvef(G) ~< 7. 
So we have proved Xva(G)= 7 for each G e 06. Similarly, we can also prove 
Zvef(G) = k + 1 for k >~ 7. 
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